Abstract. We use tools from the theory of dynamical systems with symmetries to stratify Uhlmann's standard purification bundle, and derive a connection for mixed quantum states. This connection gives rise to the geometric phase of Sjöqvist-Tong et al. [PRL 85 2845 -2849.
the geometric phase of Sjöqvist et al. In Section 5 we extend the construction initiated in Section 4, and derive a connection for the standard purification bundle which reproduces the geometric phase of Tong et al.
Some operator spaces with unitary group actions
Let H be a finite dimensional complex Hilbert space, and L
• (H) be the space of invertible operators on H equipped with the Hilbert-Schmidt Hermitian product. Furthermore, let S
• (H) be the space of invertible operators on H with unit norm, and D
• (H) be the space of invertible density operators on H. The group of unitary operators on H, which we denote by U(H), acts on L
• (H) from the left and from the right by operator composition:
and on D
• (H) by left and right operator conjugation:
Moreover, the actions (1) and (2) preserve S
• (H), and for each ψ in S • (H) the composition ψψ † is a density operator on H, say ψψ † = ρ, with (U ψ)(U ψ) † = U ρU † and (ψU )(ψU ) † = ρ. Thus, the map
is such that the following two diagrams are commutative:
A key fact used in the present paper is that Π is a principal fiber bundle with gauge group U(H), whose right action is given by the restriction of (2) to S • (H). We recommend [23] as a general reference on the theory of principal fiber bundles.
We also need notation for four additional unitary group actions, or, rather, representations. Thus let u(H) be the Lie algebra of U(H), that is, the Lie algebra consisting of all skew-Hermitian operators on H, and u(H) * be the space of all real-valued linear functions on u(H). The left and right adjoint representations of U(H) on u(H) are
respectively, and the left and right coadjoint representations of U(H) on u(H) * are
Finally, evolving operators will be represented by parameterized curves which are assumed to be smooth and defined on an unspecified interval 0 ≤ t ≤ τ .
Geometric phase for mixed quantum states
Here we briefly describe the two main approaches to geometric phase for mixed states mentioned in the introduction. For issues concerning the experimental verifiability of these phases see [24, 25, 26, 27] .
3.1. The standard purification bundle and Uhlmann's geometric phase. In this paper we adopt Uhlmann's terminology and call the operators in S
• (H) purifications, and the principal fiber bundle Π the standard purification bundle. Thus, a purification of a density operator ρ is a ψ in S
• (H) such that Π(ψ) = ρ, and two purifications ψ and φ purify the same density operator if and only if φ = ψU for some unitary operator U on H.
The vertical bundle of Π is the vector bundle VS • (H) whose fibers are the kernels of the differential of Π, and the horizontal bundle of Π is the vector bundle HS
• (H) whose fibers are the orthogonal complements of the fibers of VS
• (H) with respect to the real part of the Hilbert-Schmidt product. The vertical and horizontal bundles split the tangent bundle of S
• (H) into a direct sum, TS
; explicitly, the fibers at ψ of these bundles are
The horizontal bundle is a connection on Π. Therefore, all curves in D
• (H) can be lifted to horizontal curves in S
• (H). This means that for each curve
• (H) which projects onto ρ(t) and whose velocity field is a curve in HS
• (H). Furthermore, this curve is unique if its initial point in the fiber over ρ(0) is specified, which can be chosen arbitrarily. The Uhlmann geometric phase of ρ(t) is then defined as
3.2.
Parallel transporting evolution operators and the geometric phase of Sjöqvist et al. Sjöqvist et al. [13] have proposed a geometric phase for unitarily evolving density operators which is different from Uhlmann's geometric phase. Consider a density operator ρ with non-degenerate spectrum. Following Sjöqvist et al. we say that a unitary evolution operator parallel transports ρ if the trajectories of the eigenstates of ρ are horizontal curves in the sense of Aharonov and Anandan [3] . In other words, U (t) parallel transports ρ if for every eigenvector |ψ k of ρ, the curve |ψ k (t) = U (t)|ψ k satisfies ψ k (t)|ψ k (t) = 0. For such a parallel transported density operator we define the geometric phase to be
If the density operator ρ has degenerate spectrum, the parallel transport condition needs to be slightly modified [28] . In this case we say that U (t) is parallel transporting provided that ψ k (t)|ψ l (t) = 0 for any pair of eigenvectors |ψ k and |ψ l of ρ with the same eigenvalue. The geometric phase is still defined by the formula (13) .
It is known that for unitarily evolving mixed states, Γ g and γ g don't necessarily coincide, see [14, 15] . This is what one would expect since unitary evolution operators do not generate horizontal curves: Proof. Assume that ψ(t) = U (t)ψ is a horizontal curve in S
• (H). Let ξ(t) be the curve of skew-Hermitian operators defined byU (t) = U (t)ξ(t). Thenψ(t) = U (t)ξ(t)ψ, and according to (11) , (14) 
But then ξ(t) vanishes identically because ψ is invertible.
The following example by Slater illustrates the fact that the geometric phases of Uhlmann and Sjöqvist et al. in general are different.
Example 1 (Slater [15] ). Slater considered a mixed qubit state which in Bloch ball coordinates is represented by
and showed that if ρ is initially such that r = (0, 0, 1)
T , and is unitarily driven in such a way that the trajectory of the the Bloch vector r is a geodesic triangle on the Bloch sphere with vertices at (0, 0), (θ 1 , φ 1 ), and (θ 2 , φ 2 ), then the ratio of the tangents of the geometric phases of Sjöqvist et al. and Uhlmann is
Slater also showed that if, instead, ρ is driven in such a way that r is rotated once about n = (0, sin ξ, cos ξ), then
where
In each case the parameters can be chosen to make the ratio different from 1.
3.3.
Geometric phase for open quantum systems. Uhlmann's geometric phase is defined for arbitrarily evolving quantum systems, while, in its original form, the definition of geometric phase by Sjöqvist et al. only applies to unitarily evolving systems. This limitation was overcome by Tong et al. [28] who extended the definition (13) to include quantum systems with arbitrary evolution. Here we describe this extension.
Consider a curve ρ(t) in D
• (H) modeling the evolution of a state represented by a density operator ρ = ρ(0), and let
be an instantaneous spectral decomposition of ρ(t) which is such that the normalized eigenstates |ψ k (t) vary smoothly with time. We shall say that ρ is parallel transported (by whatever the evolution operator of the system may be) if, for every t, the eigenkets satisfy the parallelism condition
In this case, we define the geometric phase of ρ to be
For systems where the eigenvalues p k do not vary over time, (21) reduces to (13).
4.
Hamiltonian dynamics in the standard purification bundle and geometric phase for unitarily evolving quantum states
In this section we show how the standard purification bundle can be reduced to a bundle in which parallel transporting unitary evolution operators generate horizontal curves of purifications. We also reproduce the geometric phase of Sjöqvist et al.
4.1.
Right unitarily symmetric Hamiltonian dynamics in the standard purification bundle. The imaginary part of the Hilbert-Schmidt product, multiplied by 2 , is a symplectic form on L
• (H),
and the action (2) is symplectic,
is an evolution equation of the formψ = X H (ψ), where X H is the Hamiltonian vector field of a realvalued function H on L
• (H) which is constant along the orbits of the action (2). For such systems, if ψ(t) is the solution that extends from ψ, ψ(t)U is the solution that extends from ψU .
Example 2 (The Schrödinger equation). Suppose thatĤ is a Hermitian operator on H. ThenĤ defines a Hermitian operator on L
• (H), which sends ψ to the composition Hψ. Let H be the associated expectation value function,
Thus the dynamical system of X H is Schrödinger's equation. Clearly, H is right unitarily invariant.
Next we define a momentum map for the right action (2). Thus for each
The Hamiltonian vector field of J ξ is the fundamental vector field of the right U(H)-action corresponding to ξ. That is, (25) dJ ξ (X) = Ω(ξ, X),
Moreover, the assignment ξ → J ξ is unitarily equivariant,
is a coadjoint-equivariant momentum map for the right action of U(H) on L • (H). For right unitarily symmetric Hamiltonian dynamical systems we have the following Noetherian theorem: 
Proof. Suppose that H is a real-valued function on L • (H) which is constant along the orbits of the right action by U(H). Then dJ(X
Thus X H is everywhere tangential to the level sets of J. Next we verify that the level sets of J are smooth manifolds: 
and Ω is non-degenerate, this implies the contradictory conclusion that ξ = 0. It follows from Theorem 4.1 and Example 2, or the very definition of J for that matter, that if U (t) is a unitary evolution operator and ψ is an invertible operator on H, then the curve ψ(t) = U (t)ψ will be completely contained within the level set J −1 (J(ψ)), see Figure 1 . In the next paragraph we will show that if ψ purifies ρ, then this level set is the total space of a principal fiber bundle over the space of density operators on H which are unitarily equivalent to ρ, that is, the orbit of ρ under the action (3). We end this paragraph by showing that the left action (1) 
Reduced standard purification bundles.
A unitarily evolving invertible density operator remains in a single orbit of the left conjugation action of U(H) on D • (H). We write D(ρ) for the orbit that contains ρ. Moreover, we call two density operators that belong to the same orbit isospectral, since they have the same eigenvalues.
For each purification ψ let S(ψ) be the level set J −1 (J(ψ)). Since all the members of S(ψ) have unit norm, it follows from Proposition 4.2 that S(ψ) is a immersed submanifold of S
• (H). Moreover, by Proposition 4.1, the flow of every right unitarily symmetric Hamiltonian dynamical system on L
• (H) preserves S(ψ). The main result of this paragraph says that if ψ purifies ρ, the restriction of the standard purification Π to S(ψ) is a principal fiber bundle over D(ρ).
Proposition 4.4. If ψ purifies ρ, then Π maps S(ψ) onto D(ρ).
Proof. Let φ be a purification in S(ψ). Then Π(φ) and ρ are isospectral as J(φ) = J(ψ) is equivalent to φ † φ = ψ † ψ, and ψ † ψ and ψψ † are isospectral. Thus, Π(φ) belongs to D(ρ). Next, let σ be an arbitrary density operator in D(ρ). Then σ = U ρU † for some unitary operator U on H. Now, U ψ belongs to S(ψ), and Π(U ψ) = σ. We conclude that Π maps S(ψ) onto D(ρ).
For each purification ψ let U(ψ) be the right isotropy group of J(ψ),
This group acts freely on S(ψ) from the right, and properly discontinuously because it is compact. Thus the coset space S(ψ)/U(ψ) is a manifold, and the quotient map φ → [φ] is a principal fiber bundle with right acting gauge group U(ψ). Figure 2 . Different purifications of the same density operator give rise to isomorphic reduced standard purification bundles.
Proof. Clearly, the assignment [φ] → φφ
† is a well-defined and smooth map from S(ψ)/U(ψ) onto D(ρ). To see that it is also injective, assume that φ and χ in S(ψ) are such that χχ † = φφ † . Then χ = φU for a unitary operator on H. Now,
Thus U belongs to U(ψ).
According to Propositions 4.4 and 4.5 we have a commutative diagram
in which the horizontal map is a diffeomorphism. Therefore, the restriction of Π to S(ψ) is a principal fiber bundle with right acting gauge group U(ψ). Moreover, the isomorphism class of this bundle does not depend on the choice of ψ: Proposition 4.6. If ψ and φ purifies ρ, and φ = ψU , then U(φ) = U † U(ψ)U , and R U restricts to an equivariant bundle map from S(ψ) onto S(φ). In other words, the following diagram is commutative:
The proof is straightforward, so we confine ourselves to showing that R U is equivariant. Thus let V be a unitary in U(ψ). Then,
Figure 2 illustrates the relation between the restrictions of Π to S(ψ) and to S(φ).
Next, we will equip the reduced standard purification bundles with connections which are such that if U (t) parallel transports ρ and ψ(t) = U (t)ψ, where ψ purifies ρ, then ψ(t) is horizontal. The geometric phase defined at (32) below thus generalizes the definition by Sjöqvist et al. Throughout the rest of this section we assume that ρ is a given invertible density operator on H and that ψ is a purification of ρ.
Geometric phase. The real part of the Hilbert-Schmidt inner product, multiplied by 2 , is a Riemannian metric on L
This metric restricts to a gauge invariant metric on S(ψ), and we define the vertical and horizontal bundles over S(ψ) to be the subbundles VS(ψ) = Ker d(Π| S(ψ) ) and HS(ψ) = VS(ψ) ⊥ of the tangent bundle TS(ψ). Here d(Π| S(ψ) ) is the differential of the restriction of Π to S(ψ), and ⊥ denotes the fiberwise orthogonal complement in TS(ψ) with respect to G. The following proposition is an infinitesimal version of Proposition 3.1.
Proposition 4.7. T ψ S(ψ) and Uhlmann's horizontal space H ψ S
• (H) have no common non-zero vector.
Proof. Every vector
Since ψ is invertible, X = 0 is the only common solution to these equations.
Let ρ(t) be a curve of density operators in D(ρ). We define the geometric phase of ρ(t) to be
where ψ(t) is any horizontal lift of ρ(t) to S(ψ). Clearly, the geometric phase is gauge invariant. Moreover, the geometric phase does not depend on the choice of level set S(ψ) because every bundle map R U maps S(ψ) isometrically onto S(ψU ) with respect to G| S(ψ) and G| S(ψU ) , and therefore preserves horizontality of curves. (See also Proposition 4.8 below.) We will in the next paragraph show that for parallel transported density operators, (32) agrees with the definition of geometric phase (13) by Sjöqvist et al.
Construction of horizontal dynamics.
Let u(ψ) be the Lie algebra of the gauge group U(ψ), that is, the Lie algebra of all skew-Hermitian operators on H which commutes with ψ † ψ. The fundamental vector fields of the gauge group action on S(ψ) yield canonical isomorphisms between u(ψ) and the fibers in VS(ψ),
Furthermore, HS(ψ) is the kernel bundle of the mechanical connection form
One can show that, see [30] , with respect to any ordering of the eigenvalues of ψ † ψ,
where P j is the orthogonal projection onto the j th eigenspace of ψ † ψ. As expected, the bundle map in Proposition 4.6 preserves the mechanical connection form:
We use the following bijective correspondence between the eigenvectors of ρ and ψ † ψ to show that (32) generalizes definition (13):
• If |ψ k is a normalized eigenvector of ρ with eigenvalue
a normalized eigenvector of ρ with eigenvalue p k .
Proposition 4.9. Let ρ(t) be a curve in D(ρ) that extends from ρ, and ψ(t) be a lift of ρ(t) to S(ψ) that extends from ψ. Then ψ(t) is horizontal if and only if for every pair of eigenvectors |k and |l of ψ † ψ with common eigenvalue, say p, the curves
Proof. Let P j be the orthogonal projection onto the j th eigenspace of ψ † ψ. Then
The assertion now follows from (37) and the aforementioned bijective correspondence between the eigenvectors of ρ and ψ † ψ.
From Proposition 4.9 we conclude if U (t) parallel transports ρ, and ψ(t) = U (t)ψ, then ψ(t) is a horizontal lift of ρ(t) = U (t)ρU (t) † , and
Thus the geometric phases (13) and (32) agree.
Since the evolution operator of a quantum system is not always parallel transporting, it is desirable to have an expression for the geometric phase which only involves a purification of the initial state and the, possibly non-parallel transporting, evolution operator. The explicit formula (37) makes it possible to derive such an expression. For if ψ(t) is a curve in S(ψ), and
where exp + is the positively time-ordered exponential, then φ(t) is a horizontal curve in S(ψ) that projects onto the same curve as ψ(t).
Example 3 (Geometric phase of a non-parallel transported mixed state). Consider an ensemble of qubits represented by the density matrix ρ = diag(p 1 , p 2 ), p 1 = p 2 , and assume that the qubits are affected by the HamiltonianĤ = −ωn · σ, where n = (sin θ, 0, cos θ) T and σ is the vector of Pauli matrices. The evolution operator associated withĤ is
which is non-parallel transporting for ρ if cos θ = 0, and a lift of the ensemble's evolution curve is given by ψ(t) = U (t)ψ, where
Thus the geometric phase of the evolution curve is
If, in particular, τ equals π/ω, the curve ρ(t) is a loop, and
Geometric phase for arbitrarily evolving quantum systems
In the previous section we saw that the standard purification bundle can be reduced to a bundle with a naturally defined connection giving rise to the geometric phase of Sjöqvist et al. In [28] , Tong et al. generalized the geometric phase of Sjöqvist et al. to systems for which the evolution is not necessarily governed by unitary operators. We will in this section show that the standard purification bundle can be equipped with a natural connection which gives rise to the geometric phase of Tong et al. at ψ is the sum of Uhlmann's vertical space at ψ and the kernel of the differential of J. Recall that
Therefore, X is in the kernel of the differential of J at ψ if and only if X † ψ + ψ † X = 0:
Proof. Let n be the complex dimension of H, n 1 , n 2 , . . . , n l be the multiplicities of the different eigenvalues of ψ † ψ, and set q = n • (H) equals the dimension of the gauge group U(H), which is n 2 , and the dimension of Ker dJ ψ equals the difference of the dimensions of L • (H) and u(H), which is also n 2 . Now, the assertion follows from the observation that the intersection of V ψ S
• (H) and Ker dJ ψ equals V ψ S(ψ), which has dimension q. Indeed, by (49), for each ξ in u(H), the vectorξ(ψ) is in the kernel of the differential of J if and only if ξ commutes with ψ † ψ.
5.2.
A connection in the standard purification bundle. The decomposition of S • (H) into submanifolds Q(ψ), and the decomposition of each Q(ψ) into submanifolds S(φ), suggests a new connection in the standard purification bundle: For each purification ψ let K ψ S
• (H) be the space of all vectors in T ψ S • (H) which are perpendicular to T ψ Q(ψ), and set
is a connection in the standard purification bundle. Before we prove this we observe that
• The sum of H ψ S(ψ) and K ψ S
• (H) is indeed direct by Proposition 4.7.
• The spaces H ψ S(ψ) and V ψ S
• (H) only have the zero-vector in common because V ψ S(ψ) equals the intersection of T ψ S(ψ) and V ψ S
• (H). where ψ(t) is any horizontal lift of ρ(t) to S • (H). Here, and henceforth, by horizontal we mean thatψ(t) belongs to L ψ(t) S
Proposition 5.2. T ψ S
• (H) for every 0 ≤ t ≤ τ . The definition (52) is manifestly gauge invariant. Moreover, it reduces to definition (32) if ρ(t) is contained in the orbit D(ρ), where ρ = ρ(0). For then ψ(t) is contained in S(ψ), where ψ = ψ(0), andψ(t) sits in H ψ(t) S(ψ). Next we show that for an arbitrary ρ(t), the definitions (52) and (21) 
Conclusion
In this paper we have examined the geometry of Uhlmann's standard purification bundle, using tools from the theory of symmetries of dynamical systems. The examination revealed the existence of a natural connection in the standard purification bundle which is different from that of Uhlmann, and which gives rise to the geometric phase for mixed quantum states proposed by Sjöqvist et al. and Tong et al. 
